Quantum logic decomposition refers to decomposing a given quantum gate to a set of physically implementable gates. An approach has been presented to decompose arbitrary diagonal quantum gates to a set of multiplexed-rotation gates around z axis. In this article, a special class of diagonal quantum gates, namely diagonal Hermitian quantum gates, is considered and a new perspective to the decomposition problem with respect to decomposing these gates is presented. It is first shown that these gates can be decomposed to a set that solely consists of multiple-controlled Z gates. Then a binary representation for the diagonal Hermitian gates is introduced. It is shown that the binary representations of multiple-controlled Z gates form a basis for the vector space that is produced by the binary representations of all diagonal Hermitian quantum gates. Moreover, the problem of decomposing a given diagonal Hermitian gate is mapped to the problem of writing its binary representation in the specific basis mentioned previously. Moreover, CZ gate is suggested to be the two-qubit gate in the decomposition library, instead of previously used CNOT gate. Experimental results show that the proposed approach can lead to circuits with lower costs in comparison with the previous ones.
INTRODUCTION
Quantum logic decomposition refers to decomposing a given quantum gate to a set of physically implementable gates by quantum technologies. This set of gates typically consists of CNOT and single-qubit gates, called "basic gate" library [Barenco et al. 1995] or CNOT and single-qubit rotation gates, called "elementary gate" library . Many studies have been performed on the decomposition of quantum gates. Barenco et al. [1995] showed that the number of CNOT gates required to implement an arbitrary quantum gate on n qubits was O(n 3 4 n ). In Cybenko [2001] , it was shown that applying the QR matrix decomposition in linear algebra to decompose quantum gates could lead to the same result. The highest known lower bound on the number of CNOT gates to decompose an n-qubit quantum gate was reported as 1 4 (4 n − 3n − 1) in Shende et al. [2004a] . The improved method based on QR decomposition and Cosine-Sine Decomposition (CSD) Shende et al. 2006; Saeedi et al. 2011 ] achieve the order of O(4 n ) CNOT gates. To further reduce the number of elementary gates, the decomposition problem of more specific quantum operators, such as two-qubit gates [Vidal and Dawson 2004; Shende et al. 2004b; Vatan and Williams 2004] and controlled unitary gates [Song and Klappenecker 2003 ] has been considered. Among the specific quantum gates are the diagonal quantum operators. The decomposition problem for these gates has been addressed in Hogg et al. [1999] , Markov [2003, 2004] , and Shende et al. [2006] . In Bullock and Markov [2003] it has been shown that any two-qubit diagonal matrix can be implemented by at most five elementary gates up to a global phase. prove that the lowest number of required elementary gates for decomposition of arbitrary n-qubit diagonal quantum gates is 2 n − 1 and present asymptotically optimal circuits for these gates which require at most 2 n+1 − 3 elementary gates. Using the definition of quantum multiplexer gates in Shende et al. [2006] , the diagonal gates of can be decomposed to a set of multiplexed-rotation gates around z axis.
In this article, a new perspective to the decomposition problem with respect to decomposing n-qubit diagonal Hermitian gates is presented. At first, it is shown that such gates can be decomposed to a set that solely consists of C k Z gates, 0 ≤ k ≤ n − 1. Then, a binary representation for diagonal Hermitian quantum gates is introduced and the binary representations of the set of C k Z gates are mapped to a basis for vector space that is produced by these binary numbers. After that, the problem of decomposing a diagonal Hermitian quantum gate is mapped to the problem of writing these binary numbers in that specific basis.
Although CNOT is the common two-qubit gate in existing decomposition libraries, in some technologies such as ion-trap, which is one of the most promising candidates for realization of scalable quantum computers [Nakhara and Ohmi 2008] , CZ gate has been directly implemented [Nielsen and Chuang 2010] and CNOT is realized by using a middle CZ gate and two rotation gates around the y axis that apply on the target qubit. Therefore, a new library that contains CZ gate as a two-qubit gate can be considered. C k Z gates for k > 1 can in turn be decomposed to CZ and single-qubit gates. CZ gate is also useful in creating a parallel structure for quantum circuits using one-way quantum computation model [Raussendorf and Briegel 2001; Broadbent and Kashefi 2009] , as the input quantum circuits to this approach are assumed to contain CZ gates. Single-qubit gates in ion-trap technology should be constructed from rotation gates around y and x axes [Nielsen and Chuang 2010] .
Diagonal gates appear in some decompostion methods such as QR and CSD [Bergholm et al. 2005] and in the case that these diagonal gates are Hermitian, the proposed approach can be applied.
This article is organized as follows. In the next section, some preliminaries are presented. Section 3 explains the proposed approach. Experimental results are presented in Section 4 and finally, Section 5 concludes the article.
PRELIMINARIES
In this section, preliminaries about quantum states and the quantum gates used in this paper are introduced.
Quantum States and Quantum Gates
Quantum bits or qubits are quantum analogues of classical bits. A qubit is a unit vector in a two-dimensional Hilbert space, H 2 , for which an orthonormal basis, denoted by {|0 , |1 }, has been fixed. Unlike classical bits, qubits can be in a superposition of |0 and |1 like α |0 + β |1 where α and β are complex numbers such that |α| 2 +|β| 2 = 1. If such a superposition is measured with respect to the basis {|0 , |1 }, then the classic outcome of 0 is observed with the probability of |α| 2 and the classical result of 1 is observed with the probability of |β| 2 . If 0 is obtained, the state of the system after measurement will collapse to |0 and if 1 is obtained, it will be |1 .
Every n-qubit quantum gate is a linear transformation represented by a unitary matrix defined on an n-qubit Hilbert space. A matrix U is unitary if UU † = I, where U † is the conjugate transpose of the matrix U . Some useful single-qubit gates are the elements of the Pauli set:
Another class of useful unitary gates on a single qubit are rotation operators around x, y and z axis with the angle α in the Bloch sphere, as shown:
Hadamard, H, and T are two other known single-qubit gates where
If U is a gate that operates on a single qubit, then controlled-U is a gate that operates on two qubits, that is, control and target qubits, and U is applied to the target qubit if the control qubit is |1 and leaves it unchanged otherwise. For example, controlled-Z (CZ) and controlled-NOT (CNOT) gates perform the Z and X operators, respectively, on the target qubit if the control qubit is |1 . Otherwise, the target qubit remains unchanged. C k U gates have k control qubits and one target. When all k control qubits are in the state |1 , gate U is applied on the target qubit and no action is taken otherwise. C 2 NOT gate is called Toffoli gate. A quantum circuit consists of quantum gates interconnected by quantum wires carrying qubits with time flowing from left or right. The unitary matrix of the quantum circuit is evaluated by either dot product or tensor product of the unitary matrices of those quantum gates. The net effect of the gates which are applied to the same subset of qubits in series is computed by the dot product which is the same as the known matrix multiplication. The adjacent gates which act on independent subsets of qubits can be applied in parallel and their overall net effect is computed by their tensor product as defined as follows. Let A be an m × n matrix and let B be a p × q matrix. Then, A ⊗ B is an (mp) × (nq) matrix called the tensor product (Kronecker product) of A and B as defined here:
where a ij shows the element in the ith column and the jth row of matrix A.
Hermitian Quantum Gates
A matrix H is called Hermitian [Nielsen and Chuang 2010] Since the diagonal elements of a diagonal matrix are its eigenvalues, the diagonal elements of a diagonal Hermitian quantum gate are either +1 or −1.
The Properties of C k Z Gates
Since C k Z gates are used in the proposed decompostion method, some of their properties are discussed in this section. The matrix representation of the CZ gate is as follows: In this article, Z gate is also denoted as C 0 Z gate. The C k Z gates for k ≥ 0 are symmetric with respect to exchanging qubits. They negate the input qubits when all of them are in the state |1 and otherwise leave them unchanged. These gates are diagonal and self-inverse and they all commute with each other. Consider a circuit C that solely consists of these gates. It is worth mentioning that if any of these gates may occur at most once in C, as these gates commute and if one gate appears more than once in C, they can be moved next to each other and be canceled out. The C k Z gates for k > 1 can in turn be decomposed to CZ and single qubit gates. As an example, the decomposition of C 2 Z gate to CZ and single-qubit gates by the approach of Shende and Markov [2009] is shown in Figure 2 .
Using the equation H XH = Z, a C k Z gate can be easily replaced by a C k NOT gate in the middle and two Hadamard gates which act on target qubit, as shown in Figure 3 . Similarly, C k NOT gates can be replaced by C k Z gates at the cost of inserting two Hadamard gates.
PROPOSED APPROACH
In this section, some definitions and notations are introduced before proceeding to the main part of this article.
Consider D n = {d n , n ∈ N} where each d n is a diagonal Hermitian matrix on n qubits. For a given d n , its ith diagonal element is denoted as λ i for 0 ≤ i ≤ 2 n − 1. Based on the definition of d n , each element of it is either +1 or −1. Without loss of generality, it can be assumed that the first element of a given d n , that is, λ 0 = 1. If λ 0 = −1, one can substitute d n with −d n .
This new matrix is equivalent to the old one up to a global phase. As a result, 2 n − 1 independent diagonal elements of d n , that is, λ 1 , . . . , λ 2 n −1 , are left.
The following two functions will be used later in the proposed approach.
The first function, takes a matrix (d n ) and returns a corresponding ( When a number of d n gates are cascaded, a matrix is produced whose ith diagonal element is obtained by the multiplication of all of the ith diagonal elements of these gates. It can be readily verified that the multiplication operation on the set {−1, 1} is equivalent to XOR operation on the set {1, 0} where algebric value −1 corresponds to binary value 1 and algebraic value 1 corresponds to binary value 0.
Consider z = XOR 1≤i≤k (x i ) a function which takes k n-bit binary numbers, x i , 1 ≤ i ≤ k and returns a binary number z where z j , that is, jth bit of z, 0 ≤ j ≤ n − 1 is computed by xoring all of the jth bits of x i . Therefore, in order to compute the multiplication of d i n gates, 1 ≤ i ≤ k, the following equation is used:
The number of different C k Z gates for 0 ≤ k ≤ n − 1 which act on n qubits is equal to 2 n − 1. To prove this, consider that there are ( ) possible C n−1 Z gates in the same way. On the other hand, the number of k-combinations for all k equals to the number of subsets of a set with n members:
Therefore, the number of the different C k Z gates is equal to:
In the rest of the article, to specify different C k Z gates which act on n qubits, they are indexed. To this end, first the qubits in an n-qubit circuit are numbered from 0 to n-1 from top to bottom and for each C k Z gate a corresponding n-bit binary string, denoted by b can be produced. The jth bit of b from right, 0 ≤ j ≤ n − 1 is 1, if C k Z is applied on the jth qubit of the circuit and is 0, otherwise. Then, the C k Z gate is shown by i, the decimal value of b, which ranges from 1 to 2 n − 1, as CZ i . For example, in a two-qubit circuit, the binary strings of the gates Z ⊗ I, I ⊗ Z, and CZ are produced as 01, 10, and 11 and they are denoted as CZ 1 , CZ 2 , and CZ 3 , respectively.
Decomposition of D n Gates
In this section, we propose an approach to decompose a given d n matrix to CZ i gates for 1 ≤ i ≤ 2 n − 1.
LEMMA 3.1. The set of C k Z gates for k ≥ 0 are independent, that is, none of them can be decomposed to a combination of the other C k Z gates.
PROOF. The proof is done by contradiction. Suppose a gate C k Z can be decomposed to a set of gates that may consist of C 0 Z, C 1 Z, . . . , C k−1 Z gates. This set of gates produces a circuit which is called C. Now, consider C m Z a gate which has the smallest number of control qubits (i.e., m) among all these gates. Let the qubits on which C m Z gate acts be |1 and the remaining input qubits be |0 . As other gates in C have more control lines than C m Z gate and at least one of them is in the state |0 , none of them activates. As C m Z gate acts, the output of C is the negative of its inputs. On the other hand, C k Z gate has no effect on its input because at least one of its control lines is in the |0 state. Therefore, there is at least one input state for which the outputs of C and C k Z gate differ which is a contradiction. Hence, C k Z gates for k ≥ 0 are independent.
THEOREM 3.2. Every d n gate can be decomposed to a combination of CZ i gates for
PROOF. The Binary function as introduced in Section 3.1 returns a (2 n − 1)-bit binary number. On the other hand, there are 2 n − 1 independent CZ i gates, as shown in Lemma 3.1. Therefore, the binary representations of these 2 n − 1 gates are also independent and form a basis for the vector space produced by (2 n − 1)-bit binary numbers when their combination is performed by the XOR operator. Therefore, each diagonal Hermitian quantum gate can be written as a combination of CZ i gates where their multiplication is performed using Eq. (1). These gates may have a coefficient of 1 if they exist and a coefficient of 0 if they do not exist in the decomposed circuit. In other words, the following equation should be used:
where a i , s are binary variables and dot represents the logical AND operator which is applied on a i and each bit of the binary representation of CZ i . It is worth mentioning that as we had assumed that the first elements of the diagonal Hermitian matrices are always +1 and the first element of all CZ i gates are +1, the equation corresponding to them always satisfies.
By solving Eq. (2), a , i s can be found. Example 1 clarifies the discussion. Example 1. Suppose a two-qubit diagonal Hermitian matrix A = |0 0| + |1 1| − |2 2| + |3 3| is given. The function Binary(A) returns (0,1,0). In order to apply the proposed approach, the gates CZ 1 , CZ 2 and CZ 3 are considered. (1, 1, 0) = Binary(CZ 1 ), (1, 0, 1) = Binary(CZ 2 ) and (1, 0, 0) = Binary(CZ 3 ). We have the following set of equations:
where a , i s are binary variables. Therefore, the following equation set must be solved: By solving Eq. (3), a 1 , a 2 and a 3 are found as 1, 0 and 1, respectively. This solution set implies that the gates CZ 1 and CZ 3 exist and CZ 2 does not exist in the synthesized circuit, respectively. The circuit that implements the A gate is shown in Figure 4 .
Cost Analysis
To decompose a given d n gate, the proposed approach in the worst case produces a circuit that consists of all possible 2 n −1 CZ i gates (as explained in Section 3.1). Without using any ancilla qubits, C n−1 Z gates can be decomposed to O(n 2 ) elementary gates based on the results of Barenco et al. [1995, Corollary 7.6] . Therefore, the cost complexity of the proposed approach in the worst case is O(n 2 2 n ) in terms of elementary gates. On the other hand, as mentioned in Section 2.2, the C k Z gates can be replaced by C k NOT gates at the cost of inserting two Hadamard gates [Shende and Markov 2009] and there are many studies on the efficient decomposition of C k NOT gates in the literature. For example, in Barenco et al. [1995] it is shown that in a circuit on n qubits, using one ancilla, a C n−2 NOT gate, n ≥ 7 can be decomposed to 8(n − 2) Toffoli gates and using m − 2 ancilla qubits, m ∈ {3, 4, . . . , n/2 }, n ≥ 5, a C m NOT gate can be decomposed to 4(m − 2) Toffoli gates. These studies can be applied to decrease the worst-case cost complexity of the proposed approach.
EXPERIMENTAL RESULTS
As there are 2 n − 1 independent diagonal elements in a D n matrix, each of which can take two distinct values, the number of all possible D n gates is 2 2 n −1 . For example, the numbers of all possible D 2 , D 3 , and D 4 gates are 8, 128, and 32678, respectively.
The proposed approach and the approach of for decomposing D i gates for i = 2, 3, 4 were implemented in MATLAB and MAPLE, respectively on a workstation with 4GB RAM and Core i5 2.40GHz CPU. Table I compares the results of the proposed approach and the approach of to decompose some members of D i for i = 2, 3, 4.
In this table, each matrix is denoted by a number equal to the decimal value of its binary representation. For example, (1, 0, 0) = CZ is denoted by 4. The second column of the table contains the indices of the produced basis state in the proposed approach (i.e., CZ i gates), as obtained by the procedure explained in Section 3. The angles of the produced R z (α) gates for the approach of , according to the circuit structure of Figure 5 , are determined in the third column.
The numbers of required CZ and single-qubit gates in terms of rotation gates around y and x axes for each circuit are reported and compared for these two approaches. Possible optimizations are performed on the circuits produced by the approach of . The optimizations of the CNOT gates for this approach are performed by cancelling CNOT gates whenever possible using the transformation rules of these gates [Iwama et al. 2002] . The utilized transformation rules are cancelling two adjacent identical CNOT gates and changing the order of independent CNOT gates. Moreover, by using the equation of H 2 = I, whenever two adjacent Hadamard gates appear in the circuit, they cancel and therefore the number of single-qubit gates can be decreased.
In this article, the library of CZ and rotation gates around y and x axes is considered. To decompose the circuits based on the previously known elementary library which includes CNOT gate, CZ gates can be readily replaced by a middle CNOT gate and Fig. 5 . The general circuit structure to implement four-qubit diagonal gates by using CZ and single-qubit gates, up to a global phase. The dashed and the dotted parts of the figure can be assumed as general circuit structures for two and three-qubit diagonal gates, respectively. The circuit of the bottom is the continuation of the top circuit.
CONCLUSIONS
In this article, we presented a new approach to decompose n-qubit diagonal Hermitian gates, denoted by D n . First, a function was defined that takes the diagonal elements of a specific n-qubit diagonal Hermitian quantum gate, d n , and returns a binary representation for it. Then we showed that D n gates can be decomposed to a circuit that is solely constructed of C k Z gates for 0 ≤ k ≤ n − 1. Moreover, it was proved that the binary representations of this set of gates, form a basis for the vector space that is produced by the binary representations of D n gates, denoted by b, where their combination is performed using logical XOR gates. After that, it was shown that the decomposition problem of D n gates can be mapped to writing b in that basis where the coefficients of 1 and 0 imply that the corresponding basis state exists and does not exists in the produced circuit, respectively. Experimental results on all possible two, three and fourqubit diagonal Hermitian gates show that the proposed approach improves the cost of CZ and single-qubit gates of best previous method for synthesizing arbitrary diagonal gates by 37.4%, 34.3%, 10.9%, 31%, 4.6%, and 24.7%, respectively, on average. As a future work, applying some post-processing after the proposed decomposition to optimize the produced circuits is being considered. Moreover, we are seeking more general unitary matrices to which the proposed perspective can be applied.
